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GEOMETRIC AVERAGE VERSUS ARITHMETIC AVERAGE

Q. 
Is there a mathematical relationship between the geometric average and the arithmetic average?

A.  
Yes.  On page 24 of the third edition of Stocks for the Long Run © 2002, the author, Professor Jeremy J. Siegel, states:

The geometric return is approximately equal to the arithmetic return minus one-half of the variance σ2 of yearly returns rG=rA-1/2 σ2  .


Investors can be expected to realize geometric returns only over long periods of time.  The average geometric return is always less than the average arithmetic return except when all yearly returns are exactly equal.  This difference is related to the volatility of yearly returns.  


As correctly explained above, the only reason the arithmetic average is higher than the geometric average is because of the volatility of yearly returns.  Therefore, from the perspective of the cost of equity to allow a regulated utility, the correct return is the geometric return.  The geometric return, if allowed, will be the return the utility company is given a reasonable opportunity to earn.  If there is a difference between the geometric return and the arithmetic return, for a regulated utility this difference will occur simply because a utility company’s stock price will fluctuate up and down even though the allowed return on equity remains fixed at least until the next rate case.  

Q.  
Have you seen witnesses claim that the geometric average is the correct average to use when measuring historic returns, but the arithmetic average is somehow correct for forecasting future returns?

A.  
Yes, I have seen this argument.  But, given that the difference between the geometric return and the arithmetic return is due to volatility and not the true return actually being achieved, such an argument that claims a different measurement technique applies to historic data than to forecasted data is incorrect.  

Consider the following example.  Assume that the U.S. Government issued a 30-year treasury bond 15 years ago that pays an annual interest rate of 5.0% on the face amount of the bond.  Further assume that although interest rates fluctuated over the last 15 years, the current interest rate demanded by investors happens to be 5% today.  Under these assumptions, over the last 15 years, the price of the bond has gone up in some years and gone down in other years.  But, if the current interest rate demanded by investors on this bond is still the same 5% as was demanded by investors at the time of the original issuance, the bond will be selling for the same price as it did when originally issued 15 years ago.  Because of this fluctuation, if the total return (price appreciation or price depreciation plus the 5% interest income) is measured using the arithmetic average, then the measured return will include the 5% real return actually obtained by investors plus an additional illusory return cause by volatility rather than an actual return received by the investor. 


From the perspective of the investor who is forecasting the return on this 5% government bond with 15 years remaining, we know with certainty that the accurate forecasted future return will be 5% per year.  We also can be confident that interest rates will fluctuate over the next 15 years.  Therefore, this fluctuation will cause the arithmetic return measurement to be higher than the 5% annual return even though the 5% return is the only possible return an investor who holds this bond to maturity could get.

Q.  
Is it the 5% return on the treasury bond or is it the arithmetic average return that is analogous to the allowed return on equity to a regulated utility company?

A.  
The 5% coupon return is the return that is analogous to the allowed return.  Therefore, even if we were to attempt to satisfy the investor who was incorrectly led to believe that he or she would achieve the arithmetic average and not the geometric average, the return based upon the geometric average should form the return allowed.  Then, an investor who wishes to be fooled into achieving a higher return than is achieved by the geometric average will continue to be under the misconception that he or he is earning more than the geometric average.  This can happen because the stock price fluctuation will still produce annual returns that, under the arithmetic average method, will appear to be higher than the allowed geometric return.


Consider the problem that would develop if allowed returns were errantly set based upon the arithmetic average rather than the geometric average.  If a utility company is allowed to earn a return on rate base equal to the arithmetic average, then the normal stock price fluctuations would cause the new arithmetic average measured result to continue to exceed the old allowed arithmetic average.  A repetition of the error caused by using the arithmetic average, if repeated in the next rate case, would cause yet a further ratcheting up of the allowed return in each future rate case where this mistake to use the arithmetic average is repeated.

Q. 
Can you provide a mathematical example that shows why risk premium based upon historic arithmetic returns are improper?

A. 
Yes.   As previously stated, arithmetic average returns overstate the actual returns received by investors because arithmetic returns measure volatility, not actual returns earned by investors. The more variable historic growth rates have been, the more his method exaggerates actual growth rates.  Arithmetic average returns ignore the impact of compound interest.  

For example, if a company were to have a stock price of $10.00 in the beginning of the first year of the measurement period and a $5.00 stock price at the end of the first year, an arithmetic average approach would conclude that the return earned by the investor would be a loss of 50% [($5-$10)/($10)].  If, in the second year, the stock price returned to $10.00, then the arithmetic average would compute a gain of 100% in the second year [($10-$5)/($5)].  The arithmetic average approach would naively average the 50% loss in the first year with the 100% gain in the second year to arrive at the conclusion that the total return received by the investor over this two year period would be 25% per year [(-50% +100%)/2 years].  

In other words, the arithmetic average approach is so inaccurate that it would conclude the average annual return over this two-year period was 25% per year even though the stock price started at $10.00 and ended at $10.00.  The geometric average would not make such an error.  It would only consider the compound annual return from the beginning $10.00 to the ending $10.00, and correctly determine that the annual average of the total returns was not 25%, but was zero.

In order to protect investors from misleading data, the SEC requires mutual funds to report historic returns by using the geometric average only.  The arithmetic average is not permitted. The geometric average, or SEC method, has the compelling advantage of providing a true representation of the performance that would have actually been achieved by an investor who made an investment at the beginning of a period and re-invested dividends at market prices prevailing at the time the dividends were paid.

Q. Does the financial community compute historic actual achieved returns based upon arithmetic means or geometric means?

A.
The financial community (as represented by articles from The Wall Street Journal and from Business Week) refers to geometric averages when evaluating historic returns.  Additionally, an article on page 92 of the August 16, 1999 issue of Fortune magazine refers to the return that is equal to the geometric mean from Ibbotson Associates as “…the oft-quoted calculation…” of historic actual returns on common stocks.  The article does not even mention the number that is equal to the historic arithmetic return.  

Q.
Do financial textbooks support the use of the geometric average for computing historic actual returns?

A.
Yes.  For example, the textbook Valuation.  Measuring and Managing the Value of Companies, by Copeland, Koller, and Murrin of McKinsey & Co. , John Wiley & Sons, 1994, pages 161-262 states the following in a description of how to use the Ibbotson Associates data:

We use a geometric average of rates of return because arithmetic averages are biased by the measurement period.  An arithmetic average estimates the rates of return by taking a simple average of the single period rates of return.  Suppose you buy a share of a nondividend-paying stock for $50.  After one year the stock is worth $100.  After two years the stock falls to $50 once again.  The first period return is 100 percent; the second period return is -50 percent.  The arithmetic average return is 25 percent [(100 percent - 50 percent)/2].  The geometric average is zero.  (The geometric average is the compound rate of return that equates the beginning and ending value.) We believe that the geometric average represents a better estimate of investors’ expected returns over long periods of time. 

[Emphasis added]Similarly, in another textbook discussion that specifically addresses the use of the Ibbotson data, Financial Market Rates & Flows, by James C. Van Horne, Prentice Hall, 1990, states the following on page 80:

The geometric mean is a geometric average of annual returns, whereas the arithmetic mean is an arithmetic average.  For cumulative wealth changes over long sweeps of time, the geometric mean is the appropriate measure.


The textbook Investments by Nancy L. Jacob and R. Richardson Pettit, Irwin, 1988, puts it well when it states at page 122:


The existence of uncertainty as reflected in a distribution of possible values makes the expected value, or arithmetic average rate of return, a misleading and biased representation of the wealth increments which will be generated from multiperiod investment opportunities.


The average annual rate of wealth accumulation over the investment period, termed the average annual geometric rate of return, correctly measures the average annual accumulation to wealth when multiple periods are involved.  

[Emphasis is contained in the original]

Q. 
Has Value Line said anything regarding the use of an arithmetic average or a geometric average?

A. Yes.  On May 9, 1997, Value Line issued a report entitled “The Differences in Averaging”.  This report was contained on pages 6844-6845 of the “Value Line Selection & Opinion” portion of its weekly mailings to subscribers.  This report says that:

 (t)he arithmetic average has an upward bias, though it is the simplest to calculate.  The geometric average does not have any bias, and thus is the best to use when compounding (over a number of years) is involved.

The Value Line report then goes on to provide examples that show why the arithmetic average overstates the achieved returns while the geometric average produces the correct result.

Q.
Has Ibbotson Associates said anything regarding the use of an arithmetic average or a geometric average?

A.
Yes.  In 1986, Ibbotson Associates observed that it is the geometric average that is “… the correct average to compare with a bond yield…”.  See page 75 of Stocks, Bonds, Bills, and Inflation (1986 Yearbook).

Q.  
Have you compared graphically the capital appreciation growth rate using the arithmetic average method with the capital appreciation growth rate that is obtained using the sec method?  

A.  
Yes.  In the following graph I show the actual movement of the S&P Utility index from 1928 through 2003.  I also show how the index would have behaved on a year-by-year basis using the average growth obtained from the SEC method and using the arithmetic average historic growth rate methodology.  The graph illustrates that the arithmetic average calculation of historic actual returns deviates at an ever-increasing rate over time from the actual S&P Utility Index, overstating the total return from 1928-2003 by about 500%.  



By contrast, the historic actual returns computed using the SEC method is a dramatically more reasonable track of the growth of the S&P utility over time and thus is the proper measure of historic actual return rates realized by investors. 

[image: image1.emf]Actual Return on $100 Investment in S&P Utility Index Versus Arithmetic Return and Geometric Return 

from 1928 through 2003

0

50000

100000

150000

200000

250000

300000

1927 1931 1935 1939 1943 1947 1951 1955 1959 1963 1967 1971 1975 1979 1983 1987 1991 1995 1999 2003

Actdual Return

Arithmetic Project.

Geometric Project.

 


In the above graph, the top line shows that if $100 had been invested in public utility common stocks from the beginning of 1928 through 2003 and had earned the arithmetic return, the $100 would have grown to about $238,000.  The dotted line in the graph shows what actually would have happened to a real $100 investment if it had been invested in public utility common stocks.  As shown on the graph, the $100 investment would have actually grown to about $44,000.  

While the increase from $100 to $44,000 is a very sizeable return, it is far less than the $238,000 return that would have been achieved if the arithmetic return methodology had been achieved.  The smooth line that ends at the same place as the dotted actual return line is the ongoing value of $100 invested in 1928 that grew at the geometric return rate.  Note that the $100 invested at the geometric return rate is, by 2003, exactly equal to the actual return.  

Therefore, the geometric return accurately measures the actual return that was achieved from 1928 through 2003, but the arithmetic average return exaggerates the actual return by over five times.
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