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B Many central theoretical issucs on long-term leasing.

were settled by Miller and Upton [8], Lewellcn, Long and
McConnell {6}, and Myers, Dill and Bautista }9].' Issucs

of clarification and implementation can be found in

Levy and Sarnat [5]. The lollowing paper cxtends the
analysis of lease contracts o include cancellable oper-
ating leases. o

For exposilional purposes lease contracts can be di-
vided into two broad catcgorics: ) pure financial
leases and 2) operating leases. Pure finuncial leases are
assumed to be perfect substitutes for debt capital be-
cause they are not cancellable without-bankruptcy und
they are fully amortized. On the other hand, operating
leases arc riskier from the lessor’s point of view be-
cause they may be cancelled at the option of the lessee
and cannot (by law) be lully amortized.

We wish to thank Dan Galai, Robert Geske and Kuldeep Shasiri for their
helpful comments. )

-MThe distinction between long-lerm and shori-term leases is not triv-

ial. Short-term leases such as hotel Foom rentils are probably mure
efficient than buying for a day simply becuuse of transactivn cost difler-
ences. lHowever, the effect of such frictions is minimized for long-lived

conllracls. .
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"be higher than the rate on a pure financial lcase.

" stitutes for debt. The lessee takes the before-tax renta

- a8

The first part of the paper provides a brief review 0
the analysis of pure financial lcases. The sccond part
solves the problem of evaluating cancellable operating
jcascs by using the Cox, Ross and Rubinstein {2] bi
nomial option pricing mecthod. From the lessor's poinl
of view a cancellabic operating lease is equivalent Y
pure financial lease minus an American put option wil
a (non-stochastic) declining exercise price. The ex
pected rate of retum on a canccllable lease is shownlo
X

The Analysis of Pure Financial Leases %
Pure linancial lcases are assumed to be perfect sub

ratc, L, as an input in making a comparison betwe
feasing and borrowing. The analysis involves the fo
towing dilfercntial cash flows: -

a. A cash saving amounting to the dollar amount ofs

the investment outlay, -1, which+the firm docs

have to incur il it leases. . Y
b. A cash outlow amounting to the present valueg '
the after-tax leasc dollars which must be paid ou

|

PVI(—1JL]- ...':'



COPELAND AND WESTON/EVALUATING CANCELLABLE OPERATIN

c. The present value of the opportunity cost of the

lost depreciation tax shield, PV(z dep). '

d. The present value of the change in the interest ax

shield on debt which is displaced by lease financing,

PV[t.A(rD)); where D, is the remaining principal of
. displaced debt in period t, and ris the coupon ratc.
These four terms, when discounted at the proper rate,
givé the net present value (NPV) of the lcase contraclt
10 the lessee. 1f the NPV (to lessee) > O the lease will

be pcccplcd.

NPV (lessce) =1 - PV[(I-tJL]

- =PV [t dep] — PV{1.A(D)) (1)
Because this definition of cash flows cxplicitly in-
cludes the tax shield of displaced debt in the numerator

of the present valuc equation, the cash flows.should be

discounted at the before-tax cost of capital. The be-
~ {pre-tax cost of debt capital, k, is relevant because the

jease contract is a perfect substitute for debt. [t has the

same risk. Thercfore, we have

Ni’.V (lessee) =

'l. .,_ g (l—t)L, + tdep, + TAUD)
. t=1 ’ (l + -ku)l

If correct, this approach should show the lessee to be
indiffercnt to the contract (i.e., NPV (lessee) = 0)
when the lessor’s minimum lease fee is substituted into
the equation. The computation is fairly cumbersome
because the displaced tax shicld, TA(rD), changes
each period. .

Myers, Dill and Bautista [9] and Levy and Sarnat |5]
haye shown that an cquivalent approach is to account
fot the Interest tax shield by discounting at the after-tax
cost of debt and eliminating the third term: from the
numerator of the: righthand side of Equation (2). For
constant lease payments, Equations (2) and (3) arc
equivalent. !

o . N ~
NPV (lessee) = [ - (iI—-1)L, + tdep

(=1 D=k

(&)

Note that from the lessor’s point of view K, is the
lending rate on debt capital. It is the lessor's weighted
average cost of capital, WACC (lessor), grossed up by
the lessor's effective marginal tax rate.? '

) For reasons why the marginal cffective tux_rate; may be different
from the corporation’s marginal nominal tax male see Miller {71 and
DcAngelo and Masulis {3). | )

()
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Therefore, when discounting the cash flows of Equa-
tion (3) from the lessor’s point of view, we have

NPV(to lessor) = -1

g L(—1) + tdep, )
(=]~ (T + WACCY

where WACC(lessor) = (1— 1.)k,. The equivalence of

Equations (3) and (5) demonstrates that the financing

G LEASES 61
~_ WACC(lesson)
ke === 1) @

decision is the same from ‘either the lessee’s or lessor's -

point of view. Also, it is worth mentioning that the

lessce’s indifference
when all terms in Equations (3) and (5) are symmetri-
cal. Especially important arc the effective tax rates of
the lessor and lessce. Lewellen, Long und McConncll
16} have shown that with different elfective tax rates

_for the lessor and lessee the lease may have positive net
present values for both parlics.

The Evaluation of Operating Lease
Contracts

Operating leascs are different from pure financial
Jeases in two important ways. First, and most impor-
tant, they may be cancelled at the option of the lessee,
From the point of view ol the lessee, capital cmployed
under operating lease contracts becomes a variable
cosl (rather than a fixed cost) because the lease may be
terminated (sometimes requiring & penalty to be paid)
and the leascd assct may be returned whenever eco-
nomic conditions worsen. This is like having equip-
ment that can be laid off. From the lessor's point of
view, operating leascs are obviously riskicr than finan-
cial leases. A linancial lease, like a loan, is sccured by
all of the firm's asscts. An operating leasc is not. The
second difference belween operating and financial
leases is that operating leases cnable the lessor to cap-
ture the salvage value of the asset.

The duration'of an operating lease is usually several
_years on business office equipment, computers, build-
.ings, and trucks. The contracts arc not rencgotiated

during their term. However, they can usually be can-
celled at the option of the customer (sometimes with
and somctimes without penalty). For cxample, the
wording. in an 1BM contract is: **. .. the customer
may, at any time after installation, discontinue a pro-
cessor complex unit upon three months prior wrillen
notice, or discontinuc any other machine or any field
removable feature or request 3 ficld removable down-

(o the contract will result only

oy -
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grade upon onc month’s writtcn notice™* [subject to the
payment of termination charges].

What are the sources of risk to a lessor who contem-
plates extending an operating lease? We shall discuss
two categorics of risk. The first category of risk re-
flects fluctuations in the cconomic value of the assct
over lime. These changes in value result from the un-

certain economic rate of depreciation of the assct and

from general price level and interest rate uncertainty.

The economic rate of depreciation is determinced by the .

value of the asset in alternative uscs and from the
competition of substitutes. Changes in value will re-
flect obsolescence as well as physical detcrioration.
This may be termed replacement cost risk. The uncer-
tainty of the salvage value of the asset is a special cuse
of this first category of risks rclated to the cconomic
value of the assct. Our intent is to define replacement
cost risk as the gencric term for fluctuations in the
cconomic .value of the asset resulting from uncertain-

lics such as obsolescence costs and unanticipated .

changes in the general price level and ‘interest rales.
A second category of risk relates to the characteris-
tics of the lessec and we shall argue that they arc of no
special concern to the lessor. (The rcason is discusscd
below.) Related Lo the performance of the lessee is a
revenue risk. This is the risk that the leasc will be
cuncelled because the lessee's, revenues from the asset
fall cnough so that the present value of the leasc pay-
ments exceeds the present value of continucd use of the
assct.
__ Another source of risk related 1o the behavior of the
lessee is the risk of default. Default is an involuntary
breach of the lease contract. It is common .to both
financial leases and operating leases. Therefore, we
shall assume that the lessor’s lending rate, k,, is al-
' ready adjusted to compensate for default risk.

"The usual approach to the operating lcase problem is
to separalc cach of the different components of risky
cash flow and discount them al the ““appropriatc’’ risk-
adjusted discount rate.’ The type of formula olten used

is:

NPV({to lessce). =

N opa- N rdep,

- E, AFk¥) (=) (+Kk3)

MV MV-BY) 5 0O
t=1 (l"'kz)"

- TERF A+ k)

6

3For example, sce [10).

" {enance co
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=
i

(I — 1)k, = the after-tax cost of.
debt capilal; . “
1l = the investment tax credit forgone by,
the lessee; o
the salvage value (market value) of
the assct when the leasce contract ex-,
pires-in year N; X

k, = the risk-adjusted after-tax discount;

rale ‘*appropriatc’’ to salvage risk;

t(MV—-BV) = the capital gains tax on the differ-y
ence between the salvage value and!

the book value; g

. Q, = the value.of opcrating.maintcnance‘f

.. in period t; i

k, = the risk-adjusicd after-tax discount’

ratc *‘appropriatc’’ to the mainte-

nance costs. 4

While this approach is uscful in pointing out the differs
ent risks that exist, the practitioner is forced to use ad
lioc rules of thumb when attempting to estimate the!
various risk-adjusted discount rates needed to solve,
Equation (6).* Another approach is suggested below.”
Of the types of risk mentioned above;, only replace-

where k%

X
<
[

-ment cost risk (including salvage value risk) and dc-:;

fault risk arc borric by the lessor. Default risk is com-}
pensated in- the lending rate, k,, and shall not be;
discussed. Revenue risk is irrclevant to the lessor be-
cause it is borne by the lessee when he makes his
investment decision. To show why this is so, assume
for the moment that the replacement cost and salvage;
value of the assct arc known with certainty. Still, the.
lessce may cancel an opcrating lease if the present:
value of the after-tax operating cash flow from his use;
of the leased asset falis below the present value of (hg}
future lease obligations. Even so, the lessor will be;:
indifferent to the cancellation because, given no uncer-;
tainty about the replacement or salvage value of the,
assct, d leasc contract can always be constructed so-
that the replaccment valuc of the assct is equal (o the
value of the remaining lease payments. The payoffs o]
the lessor are: )

A

Payoff to lessor (given: no replaccment cost risk) ’

{ PV (leasc payments) if NPV (project) > 0

PV (asset) if NPV (project) > 0,

Given no replaccment cost uncertainty a contract can be
written so that . (I

PV (lease paymenis) = PV (assct) !

’

“Maintenance contracts fur lcased assets are scparable from the leasei
contract itsclf and can be priced separately. Therefore, we ignore main:i
st cash fluws when we discuss the aperating lease conlnct.i

’
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for any paint in time. Thus, the lessor is indifferent 1o
revenue uncertainty.®
. Given the irrclevance of revenue uncertainty, we
can proceed to discuss the effect of uncertain replace-
-ment costs (including uncertain salvage valuc). Exhib-
it | shows how the market value of the leased asset may
change over time. The downward-sloping solid line is
the expected decline in the asset’s valuc due to antici-
pated inflation, wear and tear, and obsolescence. Note
that the value of the asset is expected to decline from
$1, to E($l;) over the jife of the contract, T years. The
expected salvage value is E(l;). It is reasonable to
‘assume -that the value of the assct.never falls below
zero. Given replacement cost uncertainty, the actual
value of the.asset at any time t* < T may be greater or
less than expected. The particular situation illystrated
att* in Exhibit ] shows that if the value of the asset,
;MV;.. falls_far enough below its cxpected value,
E(MV.,), then the lessee can improve-his position by
cancelling the lease, returning the leased assel, and
leasing a more cfficient replacement to do the same job
at Jower cost. The option 10 erminate the lease is an
“KAmerican put held by the lessee.. The value of the put
-will be implicit in the lease fees.®
g'_'-::Thc present.value of the relevant American put, Py,
*§s derived in Appendix A following the assumption of

"a'binomial stochastic process. (Cf. Cox, Ross and Ru- -

“pinstein [21). The expected replacement cost of the
- asset is assumed to decline in 4 straight line at the rate

" i%This point is ulso made in Miller and Upton [8]. Impliciy, it is
- understood that if the ariginal lease is cuncelled the Iessor immedistely
.places the equipment un leasc agnin.

- SEx ante, the lessor will be seen ta charge for possible actions by the
“lessee under alternate states of nature (captured in the ex aile Prob;lbilily
- distribution). Ex post, of course, the assel may decline in value so that
llim lessee will retugn the asset. The Jessor then must cither u) se!l the
Easset at market value or b) lease it again at a lower rute. Both possibili-
¥ ties are refiecicd in the price of the American put 1
. {zec Equation .

2

‘Exhibit 1.’ Replacement Cost Uncertainty

t

= time

ING CANCELLABLE OPERATING LEASES

in the ex anee analysis,
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the Jease contract is writien so that the present value of
the remaining lease fees is cqual to the expected re-
placement value of the asset in cach time period.
Hence the option is written at-the-money.

If the lease contract is written so that the exercise
price of the implicd put declines at a raic slower than
the expected cconomic depreciation, thenthe probabil-
ity of cancellation increases. If there are any signifi-
cant transactions cosls such as installation and removal
and resale expenses, then {requent canccllation is un-
desirable. The opposite situation occurs when Lhe exer-
cise price declines faster than expected economic de-
preciation. The likelihood of carly exercise decreases
and so docs the implicd value of the cancellation fea-
ture. If there are costs lo negotiating the terms of the
canceliation feature, then the value of the cancellation
option must exceed ncgotiation costs. There may well
be an optimal relationship between the rate of decline
in the exercise pricc and the expected economic depre-
ciation of the asscl. No matier what it is, Equation (7)
will provide a pumerical solution for the value of the
American put implicd in the cancellation clause.
Modifications in this assumption do not malterially al-
ter the form of the option pricing equation. The exer-
cise price, X, for the Amcrican put written on the
replacement cost of the asset is the present value of the
lease payments represented by the solid line in Exhibit
I. Since the lease payments include repayment of the
expected economic depreciation of the assct, (1-8)

(1-8) in cach period. For convenicnce, we assume that

“E(MV,), we have o price the value of an American pul

for a casc in which the exercise price declines at 4 non-
stochastic rate equal to the expected decline in the
valye of the assct (anatogous (o a non-stochastic divi-
dend payment). The prescnt value of the American put
is:’? '

P, = MAX {X-V, [pP, + (I-p) P.} + AN )

where
P, = MAX {BX-d8 V, ipPy, + (-p) Pl + th
MAX {6X-u8 V, [pP,, + (1-p) Pl + rh

P, =
p = (v-1) - (r,-l_)_/-(i‘ (1-p) = {r-1)/8 +d(|-(|). .

u-—d
Equation (7) may be solved iteratively in order to pro-
vide a numerical solution for any American put option
where the exercise price on the option declines at a
pon-stochastic rate equal to the ex anfe expected de-
cline in the value of the asset. If the depreciation.rate
(1-8) is zcro, then Equation (7) reduces cxactly to the

he notation used in Equition () is detailed in the appendix.
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numerical solution of an American put with constant
exercise price, derived by Cox, Ross and Rubinstein
[2]. As the anticipated cconomic lilc of the assct be-
comes shorter (i.e., as it dcpreciatcs faster), the value

of the put decreases relative to its counterpart — an

Amcrican put with fixed exercisc price. The put im-
plied by the leasc’s cancellation clause differs from a
regular American pul because its cxercise price de-

creases at a predetermined rate. Because the decreas- -

ing excrcise price is linked to the anticipated rate of
cconomic depreciation, it follows that the put is worth
jess us the expected life of the underlying asset is
- shorter.

The cffect of the put on the lcase fees will be to
increase them with 1) greater uncertainty in the re-
placement cosl of the leascd asset, 2) decreases in the

risk-free discount rate, and 3) a lower expected rate of

depreciation over the life of the lease contract. The
first two clfccts are obvious and the third cffect makes
sense when onc realizes that we arc talking about the
marginal change in lease fccs causcd by the cancella-
tion option. The level of lease fees will decrease as the
expected rate of cconomic depreciation decreases, but
the cancellation option has greater cost to the lessor as
the life of the assct increascs.

An American put written on a leasc contract and
modeled as in Equation (7) will capture the valucof the
cancellation clausc in an operating leasc. The valuc of
the put will depend on the following variables:

+ 4+ —x++ v
P, =1 (l',c’,',v.r,.'l‘,X.G) 8)
where [ = the initial cost of the Jecased asset;

o’ = the instantancous variance of the market
value of the assct {for annual binomial
oulcomes u = ¢, where o is the annual

slandard deviation ol asset returns);
r, = onc plus the risk-free rate for asscts of

maturity T;

T = the number of lime periods before the -

oplion cxpires;

the initinl excrcise price of the option

(X=1I)

1.9 = the annual ratc of anticipated straight-
line depreciation in the value of the

asscl.

The sign of the partial derivative of the value of the put
with respect to each of the variables is given above
Equation (8). '

The following numerical example shows how the
lessor will increase his requircd lcase payments il a
lcase contract is canccllable. Assume that a $10,000

X

it
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assct is cxpected to have a three-year economic lifeand |

" depreciate an cqual amount cach year (i.c., 8 = .667)."

However, its value may be 50 percent higher or lower:
than cxpected at the cnd of a given ycar (i.c., u =\
1.50.d = .667, 6 = .405). The lessor has a tax rale of
40 percent and will write a two ycar leasc.® If the lease.
contract were a strict financial lease, it would require 2
10 percent before-tax rate of return (i.e., kg, = 10%).
‘The salvage value is uncertain and requires a 16% risk
adjusted rate of return. For simplicity we ignore capital
gains taxation on the salvage value and investment tax
credits. Using our prior definitions of the variables we

_ can write the competitive present value of a non-can:

celiable leuse to the lessor as follows:

2 (-1)L, + 1dep,

0=-1+ L
e N  E N (R AL &
EMV), 9);
(14K, i
Substituting in the appropriate values, and solving for
the competitive lease fecc we have .
: ' 2 -
0= ~10000 + X (1-.4)L, + .4(3333)
' (=1 [1=(1—.4).10}
3333
(1.16)
0 = —10.000 + .LPVIF, (6%, 2 yrs.) .
+ .4(3333)PVIF, (6%, 2 yrs.) + 3333(.743) -
0 = —10,000 + ;6L(1.833) + .4(3333) (1.833)3
+ 3333(.743) . 3
L, = $4,619 a
-

Nex!, we want lo determine the competitive case pay-
ments assuming that the above contract is a-cancellable
operaling lcasc. Equation (9) must be modified by subs
tracting the present valuc of the American put option. The

new valuation cquation is i
2 g '
0= -1+ Z (1—-t)L' + tdep,

(=1 (+(0-1ks)

EMV). _ p,. (10).
(+k)? 3

2

. . .« . 1
Afiur simplicity we will assuie that the tessor and the lessce have e
came cffective tax rate, Diflferential tax rates do not affcct-the value‘-oj
-the cancellation clavse. . K]
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* The value of the put (per dollar value of the asset) is
given in Exhibit A-4 as 085. Solving for the operating
leuse fee we have )

2 (j—.4)L, + .4(3333) |

0.= —10,000 + X
t=1 (1+(1-.4).10¥
43333 — 085(10,000)
(1.16)
0= —10,000 + 6L, (1.833) + ,4(3333)(1.833)

+ 3333(.743) — 850
L= $5,392

The lease fee has increased considerably to rellect the
extra risk of possible early cancellation of the opcrat-
dng lease.

1 a lessce tukes the lease fee as an input and trics to
- cpmpute an internal rate of return (IRR) on the contract
“without considering the American put, then there will
be a considerable upward bias in the IRR. Using the
.above lcasc fee the computation would be

E(MV)
{i+ k.)’

N ) .
: - +

L0 =1- 2 (-1l + tdep, _
o =1 (L+ IRR)

0 = 10,000 + X (1— 4) (5392) + .4(3333)
. L (1+ IRRY

3333
{1. l6)’.

0 = 10,000 — 4568.4PVIF, (IRR%, 2 yrs.)
~ 2476 '
~7524°

PVIF, (IRR%, 2 yrs.) = ———7 = 1647

—4568.4

IRR == 14%

_The management of the lessee firm would be mistaken

: to compare the 14 percent before-tax rate of return with

vthe 10 percent before-tax cost of debt capital. The two
‘rates are not comparable because the cancellable oper-
ating lease is riskier than its non-cancellable financial
.lease counterpart. '

- Frequently the lease may be cancclled only if &
~jump-sum penalty, F, is paid to the lessec. The penalty
reduces the value of the cancellation clause for the

i

oy

" .
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Jessec. Numerically, the cffect of the penalty can be
estimated by subtracting the fec from the exercise price
in Equation (7). This is shown below where P¥ is the
prescnt value of the cancellation clause givena cancel-

lation fec, I%:
l’j*\ = MAX{(X-F)

~V,[pP, + (1 =p)P] * r}

where P, = MAX{(0X-F)
—d8v,[pPy, + U PP + .}
P, = MAX{(0X-F)
—ubV,[pPy *+ (I-pP,l + rh
(u-1) = (r-1)/8
P = eee——
u-—d
-1)/8 + (1-d
(1-p) = (1) (i-d) .
u—d
Summary

If the leasc is & puic financial lease, it is a perfect
substitute lor debt and we show that the appropriate
discount rate for the lcasing, cash Mows (belore interest
charges) is the after-tax cost of debt capital. On the
other hand, if the lease contract is a cancellable operat-.
ing lease, il is not & perfect substitute for debt capital
and some higher discount rite is appropriate. This rate
may be obtained by first computing the present value
of an American put withan exercise price that declines
at the same ratc as the expected decline in the market
value of the leascd asset. The declining exercisc price
is necessary so that at any time the cxpected valuc of
the future lease payments is equal to the expected mar-

ket value of the depreciating asset. An example shows

that the internal rate of return ou an operating lease will
be greater than on the compirable pure financial leasc.
However, the apparent higher interna! rate reflects the

. value of the put included in the cancellation clause of .
* an operaling leasc.
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Appendix A. Derivation of the Price of an American Pul
Option Where the Exercise Price Declines at @ Non-sto-
chastic Rate Equal ta the Lxpected Decline in the Asset's
Value )

Let V be the current value of an assct that is expeeted to
declinc in valuc in a straight-line fashion at the rate-of
(1-0) percent per time period. The vyalue of the assct at the
end of one period will be wBV (where u > 1) with prob-
ability « and doV (where d = L) wilh probability 1-ct.
Thus, changes in the value of the asset arc described by a
binomial process. Furthermore, the assct pays a *‘divi-
dend”’ of (1-8)V with certainty. Exhibit A-1 shows (he
one-period payoffs from bholding the assct.

Exhibit A-1. One-Period Assct Payofls
ugv. + (l—Q)V

1i-a gev + (1-8)V

A put option writtcn on the asset hus _lh_é payoffs shown in.
Exhibit A-2. :

Exhibit A-2. One-Period Put Qption Payolfs
By = MAX [0, 8X-usV)

1-a P, = MAX[O ,8%-d6V]

. = X. A riskless hedge can be created by puréhasing'_a'_

. i.e., y>0. Next, usc the fact that the hedge portfolio,
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Notc that the exercise price, X, hus declined by an
amount cxactly cqual o the certain dividend, (I-S)V:g
assuming that the option is wrillen at the money, i.e., ify

fraction, ¥, of the risky assct and buying onc put writiea
on (he asset. The one-period payoffs of the hedge porlfo_';l
lio are given in Exhibit A-3. ' T

.Exhibit A-3. Onc-Period Payoffs on the Hedge Portfolit?’

d
YulV+y(1-0)V4PH

yV+P

In order to prevent riskless arbitrage we require that ong
plus the one-period risk-free rate, r;, lie between the yj
and down movements in the binomial process, i;g;
d<Zrp<u. In order o find the ratio, v, which crcates 3
riskless hedge, equate the end-of-period payoffs from

the hedge portfolio i
yudV +y(1 =8V +P, = yd@V +y(1 —8)Y + P, (Aill
= 'Pd - Pu ™
where Y= .
: ovV(u—d)

Note that since P,<P,, we arc long in the risky assel,

must carn the risk-{rec rate lo write X
f(yV+P) = yuBV + y(1 =0V + P, (A

. -.'I

Substituting in the value of y and solving for P, w,‘c
have . A

p=
P, [(r,— 10 + (I-d)] N P.[ (u-h) = (518 ]1

u-—d u—d

A
" (3}1
Now, let . . :v
b= (u-l)“—-—(:;-l)le 'and' '
G+ (1) ;

u — d
Then formula (A-3) becomes
p = [pP, + (1-PPJ * %
Note that p + (1 =p) = {. Furthermore, if 8 = l'

that the assct does not depreciate, then our formula A;
is identical to that of Cox, Ross and Rubinstein [2):




i
.“'.
L

14

the economic value of the asset is expected 10 decline,
then 8<1 and we also require that 8>(r,— Diu—=1)in
.o'rdcr that 0<p<]. In other words, the assct cannot be
“expected 10 depreciate SO rapidly that riskless arbitrage
"becomes possible.
"3 If the put is an American put, P,, we must allow for
‘the’ possibility that the put may be exercised -carly.
‘Therefore, the pricing equation (A-3) for the one-peri-
“od put must be rewritten as '

Py = MAX{X:V.[pPy ¥ (t-pP,) + 1. (A-4)
If r>1 (and it is), it s certainly possible that carly

exercise may be optimal.’ Suppose that V is sufficient- -

1y low so that X>uV>dV. In this cvent, p, = 68X —
a8V and P, = 6X-ubV. Substituting these values into
{A-4) we have .
B MAX{X-V, [p(6X —d0V)
L+ (1-p) @X bVl = re

= MAX{X-V, EF)'(‘— Y [p_‘:_ + (1-p) _:‘.1}.

o
>
i

E'é'::’ly‘excrcisc is advantagcous whencver

i XAV > X _ov |,L"_ + (1=-p) —I-

2 . T Y iy}

Sibstituting in the values of and (1 —p) this condi-

tion becomes .
_ g<_ X-V

RS 7. . : . . .
and since we'know that x>V and r,>1, carly exercise

will be optimal if o<l +_>i(;?':2 . This shows that

fo;r,>l,0<1+x(>\'([.-l)

pays the put-holder to exercise his put carly to receive
:X-V. There is always a critical valuc for the underlying
Tisky asset v* such that if V<V* the put should be
texercised immediately.

.;i}:,,From equation (A-4) we can move one period back
a,_lg'derive the value of a two-period American put.

and V sufficiently low, it

e,
ape

-where
_;lf}{_l’, = MAX{0X-d8V, {pPu + (I —p)P,.1 = rH(A-6)
4P, = MAX{6X-u8V, [pP + (I —p)P, 1 + 1

sand at the expiration date,

ot
34 "

‘. 1M the option is written at-the-ploncy, exercise ut the beginning of the
Jint period will not be optimal. However, for any later time period V
g P auph to make curly CXCrvise optimal.

;‘CbPELAND AND WESTONIEVALUATING CANCELLABLE OPERATING LEASES
2

b, = MAX(X-V. [pP, + (1=PIP = 1 (A-5) -
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p,, = MAXIO, (20— HX—d¥20- V] (A
P = MAX[0, (20— )X —ud(26 - V)
P = MAXI0, (20— DX (20— VI

Equations A-5 through A-7 may be solved iteratively
in order o compute the cxact current value of a two-
period American put. For example, the value of A-
determines the value of A-G which in turn determines
the valie of A-5.

Exhibit A-4 compares the prices of a “regular’’ two-
period American put and {wo-period American pul

written on the value of an asset which declines at-the

rate of 33 percent per year. Note that the options are
assumed to be writlen at-the-money because we as-
sume that an operating Icasc can be cancelled even at
the first instant by returning the equipment at its initial
market value. The price of the put writlen on the asset
with depreciating value is always less than the price of

- the corresponding American put wrilten on the same

asset without depreciation. Thus we sce that the value
of the *'special’’ American put whose value has been
derived in this appendix is 2 function of six
parameters.

P, = {(v, X1, T,0,.08). (A-8)
The first [ive paramelers are the usual Black-Scholes
parameters and have the usual partial derivatives. In
addition, the expected depreciation of the asset is rel-
evant and 5P,/80>0.

Exhibit A-4. American Pul Comparison

Prices of Twa-Period “Regular'® American Puts

T u 1.3 1.5 1.7 1.9
1.1 079 145 202 251
1.3 * 06l 143 212
1.5 * * 049 092
L * * . 041

Prices of T wo-Period American Puls on ai Assel which
Declines in Value

Iy u 1.3 1.5 1.7 1.9
i.1 040 085 124 - 157
1.3 * W 048 080
1.5 * * 1 023
1.7 . * * 1
Assumplions!

1. X = V= L0 ic. the leusc option is written al-the-muoncy,

2. 0 = .667, assumes threc-yeur straight-line deprecintion

3. u = I/, assumes proportional up and down movenients in valuc, V.

4. The cxcreise pice on the aption decreases al the rate (1-0) percent

per period. : '

eWhen the condition d<r<y is violated, there is o optien price be-
cause of riskless arbitrage oppartunitics.

The condition 0>(r— 1y =1} is violateds



